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Abstract
We study the effect of Kerr type nonlinear medium in quantum state transfer.
We have investigated the effect of different coupling schemes and Kerr medium pa-
rameters p and ωK . We found that, the Kerr medium introduced in the connection
channel can act like a controller for quantum state transfer. The numerical simu-
lations are performed without taking the adiabatic approximation. Rotating wave
approximation is used in the atom-cavity interaction only in the lower coupling
regime.
Keywords: Quantum optics, quantum information processing, coupled cavities, Kerr
medium.
1 Introduction
Quantum information processing (QIP) need an effective implementation of quantum
state transferring schemes. The implementation of such systems with optical cavity has
been a state of art. The simplest quantum description of cavity system are well described
in the literature.1–3 Modification on the Jaynes Cummings model (JCM) has been an
active field of research ever since. The two level system (TLS) was then extended to
multilevel, multi-cavity, multi atom TLS,4–6etc.
Optical cavities are very good candidate for quantum information processing (QIP).7
The nonlinear optical behavior due to χ(2), Kerr nonlinearity (χ(3)) etc. has also been
used to modify these optical cavities and are extensively studied both theoretically as
well as experimentally.8,9 Implementation of such optical cavities and its use in QIP has
been an area of active research since late 1960s.10,11 State transfer in coupled cavities
appears to be a reliable platform for data transfer in QIP.7,12–16 Here we discuss coupled
cavity systems with and without Kerr type nonlinearity.
In this paper we discuss the quantum state transfer (QST) in a linearly coupled cavity
array with and without Kerr medium. We introduce the Kerr medium in the connection
channel alone. We found that, the presence of a Kerr medium can be used as a controller
in the QST.
2 Linearly coupled cavities
A quantum state carries an information, which has to be transfered from one place to
another without any loss or modification. As quantum mechanics follows no cloning
theorem,17 it is not possible to send an exact copy of the information.18 Here we consider
a quantum state in the cavity 1 which has to be transfered to a cavity 3, through an
intermediate cavity 2. The system is illustrated in the figure (1).
1
ar
X
iv
:2
00
1.
06
60
8v
1 
 [q
ua
nt-
ph
]  
18
 Ja
n 2
02
0
Figure 1: Three linearly coupled cavity with one qubit at either ends.
Here in all the 3 cavities we have single mode photon field with a two level atom (or
qubit) in 1st and 3rd cavities. The system can be described by the Hamiltonian,
Hˆ = Hˆ0 + HˆI , (1)
where, Hˆ0 is the free Hamiltonian and HˆI is the interaction Hamiltonian and we have
Hˆ0 = h¯ωca
†
1a1 + h¯ωca
†
2a2 + h¯ωca
†
3a3 +
h¯
2
ωaσ
(1)
z +
h¯
2
ωaσ
(3)
z , (2)
HˆI =λ1
(
a†1σ
(1)
− + a1σ
(1)
+
)
+ λ3
(
a†3σ
(3)
− + a3σ
(3)
+
)
+ J12
(
a†1a2 + a1a
†
2
)
+ J23
(
a†2a3 + a2a
†
3
)
,
(3)
Here λi (i = 1, 3) are the atom field coupling constant, Jlm are the coupling strength
between the cavities l and m, ai (i = 1, 2, 3) denotes the field annihilation operator and
σiz, σ
i
+ and σ
i
− (i = 1, 3) are the atomic operators for the ith cavity. A tensor product
state of the system can be written as,
|ψ〉 = |k1n1n2k3n3〉 , (4)
where ki = 0 and ki = 1 correspond to ground and excited state respectively of the
atom (qubit) in the ith cavity and ni represents the number of photons in the ith cavity.
Thus, if we consider a state with maximum of one excitation at a time, the corresponding
general state may be written as
|ψ(t)〉 =q1(t) |10000〉+ f1(t) |01000〉+ f2(t) |00100〉
+ q3(t) |00010〉+ f3(t) |00001〉 ,
(5)
where qi(t) and fi(t) respectively are the atomic and field excitation coefficients in the
ith cavity. The dynamics of the system can now be studied by solving the corresponding
Schro¨dinger equation. For convenience, we can take the atomic transition frequency, ωa
and the field frequency, ωc as the same. Thus the detuning, ∆ = ωa − ωc = 0 and we
denote, ωa = ωc = ω. The state vector in the interaction picture,
|ψ(t)〉I = e
i
h¯ Hˆ0t |ψ(t)〉S , (6)
satisfies the evolution equation,
HˆI |ψ(t)〉I = ih¯
∂
∂t
|ψ(t)〉I , (7)
where we have
HˆI = e ih¯ Hˆ0tHˆIe− ih¯ Hˆ0t = HˆI , (8)
2
since
[
Hˆ0, HˆI
]
= 0 because the detuning is set as zero. The differential equations for
qi(t) and fi(t) can be obtained as,
ih¯
∂
∂t
q1(t) = λ1f1(t), (9)
ih¯
∂
∂t
f1(t) = λ1q1(t) + J12f2(t), (10)
ih¯
∂
∂t
f2(t) = J12f1(t) + J23f3(t), (11)
ih¯
∂
∂t
q3(t) = λ3f3(t), (12)
ih¯
∂
∂t
f3(t) = λ3q3(t) + J23f2(t). (13)
These equations can be solved numerically and we can investigate how the coupling
parameters affects the quantum state transfer.
2.1 Analytical approach
The Laplace transform of the equations (9) to (13) can be written as, (h¯ = 1)
i [q1(0) + sQ1(s)] = λ1F1(s), (14)
i [f1(0) + sF1(s)] = λ1Q1(s) + J12F2(s), (15)
i [f2(0) + sF2(s)] = J12F1(s) + J23F3(s), (16)
i [q3(0) + sQ3(s)] = λ3F3(s), (17)
i [f3(0) + sF3(s)] = λ3Q3(s) + J23F2(s). (18)
For further simplicity we can take the value of λ1 = λ3 = λ and J12 = J23 = J . Now
solving the equations (14) to (18) for an initial condition, q1(0) = 1 and q2(0) = f1(0) =
f2(0) = f3(0) = 0, results in,
Q1(s) = − J
2λ2 + 2.0J2s2 + λ2s2 + s4
s (2.0J2λ2 + 2.0J2s2 + λ4 + 2.0λ2s2 + s4)
, (19)
F1(s) =
iλ
(
J2 + λ2 + s2
)
2.0J2λ2 + 2.0J2s2 + λ4 + 2.0λ2s2 + s4
, (20)
F2(s) =
Jλ
s (2.0J2 + λ2 + s2)
, (21)
Q3(s) = − J
2λ2
s (2.0J2λ2 + 2.0J2s2 + λ4 + 2.0λ2s2 + s4)
, (22)
F3(s) = − iJ
2λ
2.0J2λ2 + 2.0J2s2 + λ4 + 2.0λ2s2 + s4
. (23)
Now taking the inverse Laplace transform of equations (19) to (23), we obtain,
3
q1(t) = −1
2
(
cos(λt) +
λ2 cosh
(
t
√−2J2 − λ2)+ 2J2
4J2 + 2λ2
)
, (24)
q3(t) =
1
2
(
cos(λt)− λ
2 cosh
(
t
√−2J2 − λ2)+ 2J2
2J2 + λ2
)
, (25)
f1(t) =
1
2
i
(
sin(λt) +
λ sinh
(
t
√−2J2 − λ2)√−2J2 − λ2
)
, (26)
f3(t) = −1
2
i
(
sin(λt)− λ sinh
(
t
√−2J2 − λ2)√−2J2 − λ2
)
, (27)
f2(t) = −
Jλ
(
cosh
(
t
√−2J2 − λ2)− 1)
2J2 + λ2
. (28)
The probability can now be calculated as
|q1(t)|2 =1
4
∣∣∣∣∣∣
(
2J2 +
(
2J2 + λ2
)
cos(tλ) + λ2 cosh
(
t
√−2J2 − λ2))
(2J2 + λ2)
(
2 (J∗)2 + (λ∗)2
)
∣∣∣∣∣∣×∣∣∣∣∣∣
(
2 (cos(tλ)∗ + 1) (J∗)2 + (λ∗)2
(
cos(tλ)∗ + cosh
((
t
√−2J2 − λ2)∗)))
(2J2 + λ2)
(
2 (J∗)2 + (λ∗)2
)
∣∣∣∣∣∣ .
(29)
|q3(t)|2 = 1
4
∣∣∣∣∣
(
2J2 − (2J2 + λ2) cos(tλ) + λ2 cosh (t√−2J2 − λ2))2
(2J2 + λ2)
2
∣∣∣∣∣ . (30)
|f1(t)|2 = 1
4
∣∣∣∣∣
(√−2J2 − λ2 sin(tλ) + λ sinh (t√−2J2 − λ2))2
2J2 + λ2
∣∣∣∣∣ . (31)
|f2(t)|2 = 1
4
e−2<(t
√−2J2−λ2)
∣∣∣∣∣∣∣
(
−1 + et
√−2J2−λ2
)2 (
−1 + e(t
√−2J2−λ2)∗
)2
J2λ2
(2J2 + λ2)
(
2 (J∗)2 + (λ∗)2
)
∣∣∣∣∣∣∣ . (32)
|f3(t)|2 = 1
16
∣∣∣∣∣2 sin(tλ)− 2λ sinh
(
t
√−2J2 − λ2)√−2J2 − λ2
∣∣∣∣∣
2
. (33)
using equation (29) to (33), we can define the population inversion of each qubit as,
〈σ(1)z 〉 = |q1(t)|2 −
(
|q3(t)|2 + |f1(t)|2 + |f2(t)|2 + |f3(t)|2
)
, (34)
〈σ(3)z 〉 = |q3(t)|2 −
(
|q1(t)|2 + |f1(t)|2 + |f2(t)|2 + |f3(t)|2
)
. (35)
3 Linearly coupled cavities with Kerr medium
Nonlinear effects in optical cavities has been studied in the literature.9,10 This nonlinear
effects can be used to construct effective transfer mechanism in quantum engineering.11,19
Here we consider the 3rd order nonlinearity, widely known as Kerr nonlinearity and we
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Figure 2: 3 linearly coupled cavity with one qubit at either ends and a Kerr medium in
the second cavity
introduce such a nonlinear effect in the second cavity of the previously described system
shown in the figure (1) and we get the modified system as in figure (2). Hamiltonian with
a Kerr type nonlinear medium in the second cavity is described by20,21
HˆK = ωKb
†b+ qb†2b2 + p
(
a†2b+ a2b
†
)
. (36)
where b is the annihilation operator of the Kerr medium, ωK denotes the anharmonic Kerr
field frequency, q is the anharmonicity parameter and p represents the field-Kerr medium
coupling strength. In the adiabatic limit the field frequency ω and medium frequency ωK
are very different. Now the Hamiltonian of the new system takes the form,
Hˆ = Hˆ0 + HˆI + HˆK = Hˆ0 + HˆI . (37)
where the new free and interaction Hamiltonians are respectively given as,
Hˆ0 = Hˆ0 + ωKb†b+ qb†2b2, (38)
HˆI = HˆI + p
(
a†2b+ a2b
†
)
. (39)
With the Kerr medium operator b and b†, we need to extend the Hilbert space of states
given in equation(4) and it get modified to to accommodate the new state, which can be
defined as,
|ψ〉 = |k1n1n2k3n3nb〉 . (40)
where nb is the bosonic number of the Kerr medium. Here also we can find the Hamilto-
nian in the interaction picture and we can show that[
Hˆ0, HˆI
]
= 0. (41)
The dynamics can be studied by obtaining the differential equations similar to equations
(9) to (13) and solving it.
3.1 Analytical approach
If we take only a maximum of one excitation in the cavity we may write the general state
as
|Ψ(t)〉 =q1(t) |100000〉+ f1(t) |010000〉+ f2(t) |001000〉
+ q3(t) |000100〉+ f3(t) |000010〉+ k(t) |000001〉 .
(42)
The differential equations for qi(t), fi(t) and k(t) can be obtained as,
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ih¯
∂
∂t
q1(t) = λ1f1(t), (43)
ih¯
∂
∂t
f1(t) = λ1q1(t) + J12f2(t), (44)
ih¯
∂
∂t
f2(t) = J12f1(t) + J23f3(t) + pk(t), (45)
ih¯
∂
∂t
q3(t) = λ3f3(t), (46)
ih¯
∂
∂t
f3(t) = λ3q3(t) + J23f2(t), (47)
ih¯
∂
∂t
k(t) = (ωk − ω − q) k(t) + pf2(t). (48)
The Laplace transform of equations (43) to (48) are, (h¯ = 1)
i [q1(0) + sQ1(s)] = λ1F1(s), (49)
i [f1(0) + sF1(s)] = λ1Q1(s) + J12F2(s), (50)
i [f2(0) + sF2(s)] = J12F1(s) + J23F3(s) + pK(s), (51)
i [q3(0) + sQ3(s)] = λ3F3(s), (52)
i [f3(0) + sF3(s)] = λ3Q3(s) + J23F2(s), (53)
i [k(0) + sK(s)] = (ωk − ω − q)K(s) + pF2(s). (54)
For Kerr medium analytical solutions of can be more rigorous to handle. We do not take
the adiabatic approximation even when the ωK is far away from ω and we investigated
the evolution of the system numerically.22
4 Results and discussion
4.1 Quantum state transfer without Kerr medium
First we consider quantum state transfer for different coupling schemes, without an in-
termediate Kerr medium and we can see that, there is a transfer of state from the qubit
1 to qubit 2 . This time can be controlled by controlling the coupling parameter. With
Jlm = 0.1λi and Jlm = 0.2λi, the results are shown in figures (3(a)) and (3(b)). The effect
of coupling scheme is evident from these simulations. The photon number, 〈n〉 in each
cavities are also estimated for Jlm = 0.2λi. Figure (4) shows the corresponding results.
Here we have taken ωa = ωc = ω = 2pif and f is taken to be 1GHz for the simulations.
The graphs are plotted against scaled time. Here in all the plotting the unit of scaled
time is in nanoseconds. All other parameters are scaled with respect to the unit of ω.
The photon number also follows a pattern similar to the population inversion, such
that whenever the qubit is in the excited state, photon number becomes zero inside the
respective cavity. However, the intermediate cavity shows a rise in the photon number
as the coupling in the system is increased so that, the photon number in the first and
last cavity has reduced. This suggest that the probability of inversion is not 100% in any
case with an intermediate coupling cavity with a non zero cavity-cavity coupling. So the
expense of a controlled transmission with an intermediate coupling cavity is the quality
of the transmission. The value of qubit-cavity coupling is kept at, λ = 0.1ω, which allows
us to use RWA.23
The analytical solutions including detuning is very cumbersome. The effect of detuning
on the state transfer is shown in figures (5) and (6). We can clearly see that detuning
affects the state transfer.
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(a) (b)
Figure 3: Population inversion of qubit 1 and qubit 2 for (a)Jlm = 0.1λi and (b)Jlm =
0.2λi.
Figure 4: Photon number in 3 cavities 〈n1〉, 〈n2〉 and 〈n3〉 for Jlm = 0.2λi.The range of
time differs in the plots on two columns.
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Figure 5: Population inversion of qubit 1 and qubit 2 for Jlm = 0.2λi and ωc = 0.99ωa
(∆ = 0.01ωa)
Figure 6: Photon number in 3 cavities 〈n1〉, 〈n2〉 and 〈n3〉 for Jlm = 0.2λi and ωc =
0.99ωa(∆ = 0.01ωa). The range of time differs in the plots on two columns.
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(a) (b)
(c) (d)
Figure 7: (a) and (b) 〈σz〉 of the system under different p. Here J = 0.5λi, λi = 0.1ωc,
ωk = 0.5ωc and q = 0.2ωc, (c) and (d) 〈σz〉 of the system under different ωK . Here
J = 0.5λi, λi = 0.1ωc, p = 0.557ω and q = 0.2ωc.
4.2 Quantum state transfer with Kerr medium
The presence of a Kerr medium in the intermediate cavity can affect the state transfer.
Numerical simulations are done for different Kerr-cavity coupling value, p and ωK . The
results are shown in figures (7(a)), (7(b)), (7(c)) and (7(d)). Here we do not take the
adiabatic approximation for the Kerr Hamiltonian.
For p ≈ 0.5ωc, ωK ≈ ωc and Jlm = 0.5λi, the nature of population inversion is
almost equivalent to the case where there is no Kerr medium in the second cavity and
Jlm = 0.1λi. The results are shown in figures (8(a)) and (8(b))
Thus with higher coupling between the cavities, we can have a controlled state transfer
between two qubits, by means of a Kerr medium in the intermediate cavity.
(a) (b)
Figure 8: Population inversion of qubit 1 and qubit 2 for (a) Jlm = 0.5λi, p = 0.5ωc,
q = 0.2ωc and ωk = ωc, with Kerr medium in the second cavity and (b) J = 0.1λi,
λi = 0.1ωc without Kerr medium in the second cavity
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5 Conclusion
In the present work we have numerically studied a system of 3 linearly coupled cavities
with one qubit in either ends of the cavity and an intermediate cavity in between them.
Our study focused on the presence of a Kerr medium in the second cavity and how it
affect the quantum state transfer. We found that the presence of Kerr medium can
affect the transmission and hence can be used as a quantum state transfer controller
in quantum information processing. Without taking the adiabatic approximation in the
Kerr medium, there can be a controlled state transfer. All the plotting are done with a
scaling corresponds to the cavity frequency, which set at 1 GHz. We have only taken the
the RWA in the appropriate limit.
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